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We study the critical properties of the non-interacting integer quantum Hall to insulator transition
(IQHIT) in a ‘dual’ composite-fermion (CF) representation. A key advantage of the CF represen-
tation over electron coordinates is that at criticality, CF states are delocalized at all energies. The
CF approach thus enables us to study the transition from a new vantage point. Using a lattice
representation of CF mean-field theory, we compute the critical and multifractal exponents of the
IQHIT. We obtain ν = 2.56 ± 0.02 and η = 0.51 ± 0.01, both of which are consistent with the
predictions of the Chalker-Coddington network model formulated in the electron representation.
Introduction - The integer quantum Hall (QH) to insu-
lator transition (IQHIT) is one of the best studied topo-
logical phase transitions in condensed matter physics1–6.
Without interactions, the existence of a quantum Hall
plateau requires quenched disorder, and a magnetic field
tunes the system from a quantum Hall (QH) state to
an Anderson insulator. A beautiful representation of
the IQHIT known as the Chalker-Coddington model
(CCM) involves percolation of droplets of IQH and in-
sulating phases7. The CCM has been amenable to large
scale numerical studies of critical exponents of the non-
interacting IQHIT8.
Nevertheless, all electron representations of the IQHIT
suffer with a key drawback: it has been difficult to include
electron-electron interaction effects, which are necessary
to account for very basic aspects of the IQHIT. For in-
stance, interactions are necessary to ensure a non-zero
finite temperature electrical resistivity9. Other aspects
of the transition - dynamical scaling laws and the issue
of whether or not integer and abelian fractional QH tran-
sitions are governed by the same universality class - re-
quires the inclusion of interactions. Thus, there is a need
for alternate formulations of the QHIT, which can more
easily address such questions.
In this letter we present a first step in devising alter-
nate formulations of the QHIT, making use of a dual
composite fermion (CF) representation. The idea that
CFs are dual ‘vortices’ of electrons has been made pre-
cise in a remarkable set of recent developments10,11. As
we show below, in a mean-field approximation, the CF
formulation of the IQHIT belongs to the same univer-
sality class as the one studied in electron coordinates.
However, it offers several distinct advantages12: most in-
terestingly, delocalized states occur over all energies13,14
at the IQHIT in the CF representation enabling a finite
dc conductivity as T → 0. Furthermore, a CF theory
can more readily incorporate interaction effects, and can
treat integer and fractional QHITs on equal footing15.
The phase diagram of the IQHIT is realized in the CF
representation as follows: first, the integer QH state of
electrons with σxy = e
2/h maps onto an integer QH state
of CFs but with opposite Hall conductivity. Second, the
electron insulator is a CF insulator. It only remains to
show that the critical exponents obtained in the CF rep-
resentation are identical to those predicted by the CCM.
Using a tight-binding regularization of a CF hamil-
tonian, we compute two critical exponents, ν and η
describing respectively the divergence of the localiza-
tion length, and the multifractal scaling exponents at
criticality. Specifically, we find ν = 2.56 ± 0.02, and
η = 0.51±0.01, both of which are in excellent agreement
with established results obtained from the CCM.16–26
Thus, we establish that the IQHIT as viewed in CF coor-
dinates is governed by the same fixed point as the CCM.
This observation opens new possibilities in studies of the
IQHIT, where interaction effects may be included more
readily.
IQHIT in the idealized CF model - 2D electrons in a
perpendicular magnetic field B can be transformed, via
an exact mapping (“flux attachment”)27 to CFs that
couple to the sum of the external and “statistical” flux
B + b(r).28,29 When two quanta of flux are attached to
each electron, there is an exact identity relating the CF
density to the statistical flux: b(r) = −4pin(r). CF mean-
field theory results from “smearing the flux” and the
identity is satisfied only on average: 〈b(r)〉 = −4pi〈n(r)〉.
With a quenched random potential V (r) that varies on
length scales large compared to the magnetic length, the
linear response is a random density δn(r) = χV (r), where
χ = m/2pi is the uniform compressibility30. Thus, in CF
mean-field theory, there is a slaving13,31 between V (r)
and b(r):32 V (r) = −b(r)/2m. Furthermore, for asymp-
totic behavior near criticality, we can ignore non-linear
response effects, and study the following model Hamilto-
nian density:
h(r) = c†
[
(−i∂ − a)2
2m
+
g
2
b(r)
2m
− µ
]
c, b(r) = ij∂iaj .
(1)
It involves free, spin-polarized fermions with parabolic
dispersion coupled to a random vector potential a(r),
along with a “gyromagnetic term” g2b(r)/2m. In the
above context of CF mean-field theory with long-
wavelength disorder, g = 2.
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Surprisingly, when g = 2, the system undergoes an
IQHIT as the spatial-average magnetic field b0 ≡ b(r)
changes sign. To see why, observe that when b0 6= 0, all
finite energy states are localized in the thermodynamic
limit at T = 0. However, there are exact zero energy
modes33 for b0 < 0, which behave as a filled Landau level.
The zero modes are absent for b0 > 0. As a consequence,
the zero temperature phases are IQH (insulating) states
for b0 < 0(b0 > 0). At the critical point (b0 = 0), the Hall
conductivity can be computed analytically for the Hamil-
tonian above, and is σxy = −e2/2h.34 It follows from the
contrapositive of Laughlin’s gauge argument that states
at all energies are delocalized when b0 = 0. Our present
goal is to obtain critical exponents associated with this
transition using a lattice realization of the above prob-
lem.
Lattice model - The lattice analog of the above consists
FIG. 1. (a) The tight-binding model on a square lattice for
the Hamiltonian of Eq. 2. There is a quenched chemical
potential on its sites while quenched vector potential on the
links. The flux through the square plaquette is proportional to
the average potential on the four attached vertices as per Eq.
4. (b) The phase diagram of the lattice model. In the idealized
limit, b0 < 0 and b0 > 0 correspond to the νcf = −1 IQH state
and the Anderson insulator respectively. A topological phase
transition between the two occurs at b0 = bc = 0.
of CFs on a square lattice with nearest neighbor hopping
(we set the lattice spacing to unity). Quenched random
scalar and vector potentials live on the lattice sites and
links respectively (Fig. 1):
Hlattice = −
∑
〈ij〉
c†i
[
teiaij + µδij
]
cj −
∑
i
Vic
†
i ci, (2)
where i, j label lattice sites, and aij = −aji are associated
with the directed nearest-neighbor link connecting sites
i and j. Random fluxes are associated with each square
plaquette of the lattice.
We slave the random chemical potential to the random
flux as follows. Consider a square plaquette, whose ver-
tices are lattice sites labeled 1− 4 in a counterclockwise
sense (Fig. 1). We equate the flux asscociated with the
plaquette,
φ = a12 + a23 + a34 + a41, (3)
with the average of the 4 random potentials Vi:
φ = b = −m
g
4∑
i=1
Vi, (4)
where, for simplicity, we take the mass to be the effective
mass of the clean tight-binding model at the bottom of
the band, i.e. m = 1/2t. We repeat the procedure for all
elementary plaquettes of the lattice. We choose Vi, i ∈
1 · · · 4 from an independent uniform distribution Vi ∈
[−W/2 + V0,W/2 + V0], where V0 = −gb0/m and W
measures the strength of the disorder.
Therefore, for a weak, long range disorder and Fermi
energy close to the bottom of the band, the Hamiltonian
in Eq. 2 can be approximated as:
Hlattice ≈ (p− a)
2
2m
+
g
2
b(r)
2m
− 4t. (5)
Notice that since the flux through each plaquette is
bounded in magnitude by pi, we have |W/2 ± V0| ≤
gpi/4m. In principle one could adopt a more sophis-
ticated procedure whereby the compressibiilty is deter-
mined in a self-consistent manner in equating the poten-
tial and flux disorders. We choose not to do so for sim-
plicity: as we show below the simple procedure employed
here is already sufficient to capture the universal proper-
ties associated with the critical point, provided the Fermi
energy remains sufficiently close to the band-bottom to
warrant an effective mass approximation.
Figure 2 displays the density of states over the entire
bandwidth of the lattice model above, for non-zero b0.
The lattice model increasingly accurately captures the
behavior of the ideal model above in the limit where the
Fermi level is close to the band bottom and the disorder
is weak. For practical numerical calculations, however,
it will be useful to use strong disorder which allows for
shorter localization lengths and hence for better finite-
size scaling behavior near the critical point. This devia-
tion from weak and long-wavelength disorder, as well as
lattice corrections to the effective mass approximation,
lead to a shift in the location of the phase transition as
a function of b0: in general, the IQHIT occurs at a finite
value of b0, which approaches zero as the idealized limit
of the previous section is approached.
Localization length exponent - Employing the standard
transfer matrix techniques,35,36 we study the behavior of
the localization length in the CF model above. We realize
the tight-binding model on a quasi-1D cylinder of dimen-
sions L×M , where L is the length of the cylinder along its
axis while M is the circumference. We obtain the local-
ization length ξM (b0) along the axis of the cylinder as a
function of b0 and the system width M with g = 2. In the
2D limit, i.e. M →∞, it diverges as ξ∞(b0) ∼ |b0−bc|−ν
near the critical point with the critical exponent ν. We
obtain ν via the finite-size scaling of the dimensionless lo-
calization length: ΛM (b0) ≡ ξM (b0)/M near the critical
point.37 To achieve this, we fit our data to the following
polynomial function:
ΛM (b0) =
NR∑
n=0
an
(
M1/ν∆
)n
+ ψM−y + c11ψ∆M1/νM−y
(6)
2
(a) (b)
FIG. 2. The density of states of the lattice Hamiltonian (2) for various disorder strengths and (a) b0 = −0.5 (b) b0 = 0.5. There
are zero-modes near the bottom of the band for b0 < 0 which become sharper as the disorder strength is reduced. Further, the
zero modes levitate up for b0 > 0. Thus, the lattice model faithfully describes the idealized Hamiltonian of Eq. 1 in the weak
disorder limit and when the Fermi energy is near the bottom of the band.
where NR is the degree of the polynomial in the relevant
parameter ∆ ≡ b0− bc. ψ is the amplitude of the leading
irrelevant operator and y is the corresponding correction
to scaling exponent. Further, an, c11 and bc are fitting
parameters, the last of which gives the location of the
transition.
For W = 3pi/2 and Fermi energy EF = −4 at g = 2, we
plot the calculated ΛM (b0) in Fig. 3(a). Fitting the data
to the above polynomial form using the standard least
square error method, we extract ν = 2.56±0.02. Also, for
a stronger disorder: W = 7pi/4, we find ν = 2.57 ± 0.02
(Fig. 3(b)) suggesting that the exponent is indepen-
dent of disorder strength. These results are in agreement
with the previous studies of the IQHIT inspired by the
electron version of the transition including the Chalker-
Coddington model.7,16–25 They support the idea that the
two descriptions of IQHIT lead to the same universal be-
havior. In addition, we note that our results are slightly
inconsistent with studies based on other models reporting
a smaller exponent.38–40
Multifractal scaling - In addition to the localization
length exponent ν, wavefunction multifractality repre-
sent additional universal characteristics of the IQHIT.
They correspond to the finite size scaling of the inverse
participation ratios Pq calculated from the critical wave-
function ψ:
Pq ≡ Ld〈|ψ|2q〉 ∝ L−2(q−1)−∆(q). (7)
where L is the system size and d = 2. Employing stan-
dard techniques,41,42 we calculate these exponents using
the critical wavefunctions of a square system of dimen-
sions L×L with periodic boundary conditions. Since the
total flux through the sample is quantized in the units of
2pi, we round bc obtained in the previous section to the
nearest integer multiple of 2pi/L2.
For the critical point in Fig. 3(a) at b0 = −0.229, we
find η ≡ −∆(2) = 0.51± 0.01. And for the critical point
in Fig. 3(b) at b0 = −0.558, we get η = 0.52±0.01. These
are close to the value η = 0.5425 obtained in Ref. 26.
Further, they are also consistent with η = 0.5 predicted
in Ref. 43. We plot the full multifractal spectra in Fig.
4 and fit them to the following form symmetric around
q = 1/2:26,44
∆(q) = 2q(1− q) [γ0 + γ1(q − 1/2)2 + γ2(q − 1/2)2] .
(8)
We find γ0 = 0.129 ± 0.005, γ1 = 0.003 ± 0.003, γ2 =
−0.0002 ± 0.0004 and γ0 = 0.133 ± 0.006, γ1 = 0.002 ±
0.004, γ2 = −0.00005±0.00050 for the two critical points.
These are in excellent agreement with the corresponding
quantities in Ref. 26. Likewise, we also find evidence
for corrections to the proposed parabolic form45–47 since
γ1 6= 0. It should be noted that our data does not show
a perfect symmetry around q = 1/2. A possible cause
for this is that the critical points were located using the
transfer matrix method, which are likely slightly different
for a square sample of finite size due to the different as-
pect ratio and boundary conditions. We summarize the
results of all obtained critical exponents in Table I.
While the value g = 2 in Eq. 1 is motivated by CF
mean-field theory, we can consider the effect of relaxing
the value of g on the IQHIT. Such deviations from g = 2
can arise from lattice corrections to the effective mass ap-
proximation, or from the breaking of particle-hole sym-
metry in the disorder-averaged theory48. As we show in
Appendix A, the localization length exponent decreases
monotonically with g. The extent to which such devia-
tions reflect a new universality class for the IQHITs, or
are due to substantial finite size effects, or from large
corrections to scaling from irrelevant operators, remain
unclear and require further study. We shall return to
these questions in future work.
Discussion - Our results have several important impli-
cations for the IQHIT, and suggest several new direc-
tions of exploration. The most important implication
of our study governs finite temperature dc transport in
the quantum critical regime. In electron coordinates, ex-
tended states occur at a single energy, and without any
interaction effects, ρxx(T → 0) 6= ρxx(T = 0). By con-
trast, in the CF representation, this issue does not arise,
3
(a) (b)
FIG. 3. The scaling of the renormalized localization length as a function of the cylinder width M and the tuning parameter
b0 at Fermi energy EF = −4 and (a) W = 3pi/2, (b) W = 7pi/4. The red dots, green squares, blue rotated-squares, orange
triangles, purple upside-down-triangles correspond to M = 16, 32, 64, 128, 256 respectively. We have set L = 107 for all the
data points. The best fit to Eq. (6) is drawn with solid lines and we obtain the critical exponent (a) x = 2.56 ± 0.02, (b)
x = 2.57± 0.02. The critical points are found to be located at b0 = bc where (a) bc = −0.229 and (b) bc = −0.558. Since the
critical point moves towards bc = 0 as the disorder is made weaker, the idealized limit of Eq. 1 is approached.
(a) (b)
FIG. 4. The numerically calculated multifractal spectrum ∆(q) at Fermi energy EF = −4 for disorder strength (a) W = 3pi/2
and (b) W = 7pi/4 at g = 2. The critical points are taken to be located at (a) b0 = 0.229 and (b) b0 = −0.558. We average |ψ|2
over a box of dimensions l × l to rid it of the short distance correlations between wavefunction amplitudes. Further averaging
over 1000 wavefunctions reduced fluctuations coming from the randomness of the disorder configurations. The red dots, blue
squares correspond to l = 4, 8 respectively. Using system sizes L = 32, 64, 128 and 256, ∆(q) is obtained by performing finite
size scaling according to Eq. (7). Note that ∆(1) = ∆(0) = 0 by definition. Further, the best fit to Eq. (8) using l = 8 data is
drawn with the solid blue line and we get (a) γ = 0.129± 0.005, (b) γ = 0.133± 0.006.
Parameters ν η γ0
W = 3pi/2
b0 = −0.229 2.56± 0.02 0.51± 0.01 0.129± 0.005
W = 7pi/4
b0 = −0.558 2.57± 0.02 0.52± 0.01 0.133± 0.006
TABLE I. A summary of exponents at Fermi energy EF = −4 and g = 2.
since extended states occur over a range of energies at
criticality. Indeed, a finite CF resistivity implies the same
for the electrical resistivity via the exact relation49
ρabcf = ρ
ab
el + 4pi
ab, ab =
(
0 1
−1 0
)
. (9)
It is thus the CF representation that guarantees a smooth
T → 0 limit of the resistivity tensor in mean-field theory.
Second, the success of the CF mean-field theory sug-
gests new analytic approaches to describing the non-
interacting IQHIT. Recent work has shown that the ef-
fective theory governing disorder averaged quantities in
the weak-coupling regime σcfxx  1, is a non-linear sigma
model with a topological term, similar to the theory put
forward in electron coordinates15. However, such theo-
ries run to strong coupling, since the critical point itself
occurs at σcfxx ∼ O(1). An analytic description of such
a transition still remains unknown. It is likely that the
CF representation may give way to new analytic treat-
ments. One possible route is to note that the theory
4
in Eq. 1 is equivalent to a 2-component Dirac fermion
at finite chemical potential in the presence of a random
vector potential. The non-abelian bosonization of the
Dirac fermion may lead to new descriptions in terms of
Wess-Zumino-Witten (WZW) models.45 We shall report
progress on such analytic treatments in future studies.
Conclusions - In summary, we have calculated the
critical and multifractal exponents for the IQHIT us-
ing a composite-fermion representation, which are in
good agreement with numerical studies of the Chalker-
Coddington network model. While the electron and CF
formulations have distinct origins, they are expected to
flow to the same IR fixed point governing the IQHIT:
in this sense, the electron and CF formulations are thus
‘dual’ to one another.
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Appendix A: Critical scaling in a generalized model
In the main text, we looked at the IQHIT induced by
tuning b0 at g = 2 in the CF lattice model of Eq. 2.
This was motivated by the fact that b0 is a physical tun-
ing parameter corresponding to the deviation of electron
filling fraction away from ν = 1/2. As mentioned in the
main text, deviation away from g = 2 can characterize
effects such as broken particle-hole symmetry or correc-
tions to the effective mass approximation. Motivated by
this, we have studied the phase diagram of the lattice
model in the two parameter space of b0 and g using the
transfer-matrix approach.
In the two-parameter space of g and b0, the IQH phase
is separated from the insulating phase by a critical curve.
We first obtain the approximate critical curve by cal-
culating ΛM as a function of g for various slices of the
two-parameter space with constant b0. The critical curve
intersects a constant b0 line at zero-dimensional critical
points. These critical points can be located using the fact
that at these points ΛM becomes either a constant or a
slightly increasing function of M . Then, by performing
a detailed finite-size scaling analysis using Eq. 6 in the
vicinity of these points, we obtain both the critical ex-
ponent and the precise shape of the critical curve. The
results are plotted in Fig. 5. In addition, we provide the
data and best fits in Fig. 6.
As can be seen in Fig. 5, the critical exponent ν mono-
tonically decreases as g is increased. Therefore, all the
IQHITs may not be in the same universality class and
thus the critical exponent may change if PH-symmetry in
the electron problem is broken. This is surprising because
IQHITs are thought be described by Pruisken’s non-
linear sigma model52 and the two-parameter scaling53,54
proposed in this context suggests that all critical proper-
ties must be identical. However, we think that due to the
varying degrees of disorder strengths and finite-size cor-
rections, more rigorous studies involving bigger system
sizes and also different techniques are required to resolve
FIG. 5. The phase diagram and critical exponents ν of Hamil-
tonian in Eq. 2 in the two parameter space of the average
magnetic field b0 and the gyromagnetic ratio g. The pa-
rameters are EF = −4, W = 3pig/4. The IQH state with
νcf = −1 is separated from the insulator through the critical
curve drawn in red. The arrows show the critical exponents
calculated at various points on this curve. The results sug-
gest that ν decreases as g increases and thus the IQHITs are
not in the same universality class. However, a detailed study
involving bigger system sizes is needed to show that finite
size-effects are not responsible for such a behavior.
the discrepancy between theory and numerics.
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(a) b0 = −0.5, g = 1.017, ν = 2.71 (b) b0 = −0.4, g = 1.077, ν = 2.71 (c) b0 = −0.3, g = 1.146, ν = 2.71
(d) b0 = −0.2, g = 1.225, ν = 2.66 (e) b0 = −0.126, g = 1.3, ν = 2.64 (f) b0 = −0.016, g = 1.5, ν = 2.48
(g) b0 = −0.119, g = 1.8, ν = 2.55 (h) b0 = −0.2, g = 1.948, ν = 2.55 (i) b0 = −0.3, g = 2.098, ν = 2.56
(j) b0 = −0.4, g = 2.226, ν = 2.46 (k) b0 = −0.5, g = 2.319, ν = 2.39
FIG. 6. Localization length vs. tuning parameter for the critical points shown in Fig. 5. The tuning parameter is taken to
be g for the subfigures (a)-(d) and (h)-(k), while it is b0 for others. The red dots, green squares, blue rotated-squares, orange
triangles, purple upside-down-triangles correspond to M = 16, 32, 64, 128, 256 respectively. We have set L = 107 for all the
data points. Further, W = 3pig/4 and EF = −4. The data around each critical point is fitted to Eq. (6) to obtain the location
of the transition and the critical exponent ν. The errors in the critical exponents are approximately 0.02.
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